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Abstract. Any sufficiently often differentiable curve in the orbit space V/G 
of a real finite-dimensional orthogonal representation G — > 0(V) of a finite 
group G admits a differentiable lift into the representation space V with locally 
bounded derivative. As a consequence any sufficiently often differentiable curve 
in the orbit space V/G can be lifted twice differentiably. These results can be 
generalized to arbitrary polar representations. Finite reflection groups and 
finite rotation groups in dimensions two and three are discussed in detail. 



1. Introduction 

In [2] and ^3 the following problem was investigated. Consider an orthogonal 
representation of a compact Lie group G on a real finite dimensional Euclidean vec- 
tor space V . Let <7i, . . . , a n be a system of homogeneous generators for the algebra 
R[V] of invariant polynomials on V. Then the mapping a — (ai , . . . , er„) : V — > R" 
induces a homcomorphism between the orbit space V/G and the semialgebraic set 
u(V). Suppose a smooth curve c : R — > V/G = <j(V) C R n in the orbit space is 
given (smooth as curve in R n ), does there exist a smooth lift to V, i.e., a smooth 
curve c : R — > V with c = a o c ? The answer is independent of the choice of the 
generators. 

It was shown in that a real analytic curve in V / G admits a local real analytic 
lift to V, and that a smooth curve in V/G admits a global smooth lift, if certain 
genericity conditions are satisfied. In both cases the lifts may be chosen orthogonal 
to each orbit they meet and then they are unique up to a transformation in G, 
whenever the representation of G on V is polar, i.e., admits sections. 

In |17| we proved that any sufficiently often differentiable curve in the orbit space 
V/G can be lifted to a once differentiable curve in V. 

In the special case that the symmetric group S n is acting on R" by permuting the 
coordinates there is the following interpretation of the described lifting problem. 
As generators of R[R"] S " we may take the elementary symmetric functions 

a j( x ) = ^2 x^-'-Xij (l<j<n), 

l<ii < ■ ■ ■ <ij <n 

which constitute the coefficients (up to sign) of a monic polynomial P with roots 
xi,...,x n via Vieta's formulas. Then a curve in the orbit space R n /S„ — <r(R n ) 
corresponds to a curve P(t) of monic polynomials of degree n with only real roots, 
and a lift of P(t) may be interpreted as a parameterization of the roots of P(t). 

This problem has been studied extensively in pQ. Moreover, the following results 
were proved in [lfij : Any differentiable lift (parameterization of roots) of a C 2n - 
curve (of polynomials) P : R — > M. n /S n is actually C 1 , and there always exists a 
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twice differentiable but in general not better lift of P, if P is of class C 3 ™. Note 
that here the differentiability assumptions on P are not the weakest possible which 
is shown by the case n = 2, elaborated in ^] 2.1. The proof in J^j is based on the 
fact that the roots of a C ra -curve of polynomials P : R — > M. n /S n may be chosen 
differentiable with locally bounded derivative; this is due to Bronshtein \7\ and 
Wakabayashi pH] . 

In the present paper we show the corresponding statements for arbitrary real 
finite-dimensional orthogonal representations of finite groups. We consider repre- 
sentations p : G — > 0(V) with the property (Bk) that any C fc -curve in a neighbor- 
hood of in the orbit space V/ G admits a local differentiable lift to V with locally 
bounded derivative (section |SJ. In analogy to the polynomial case S n : R™ we then 
show that, for representations of finite groups G with property (Bk), any differen- 
tiable lift of a C fc+rf -curve is actually C 1 (section0J, and there always exists a twice 
differentiable lift of a C fe+2d -curve in the orbit space (section EJ. The integer d is 
the maximal degree of a minimal system of homogeneous generators of the algebra 
of invariant polynomials R[V] G fsee l2.4[l . As a consequence we obtain in sectional 
that polar representations, where the representation of the associated generalized 
Weyl group on some section has property (Bk), allow orthogonal C 1 -lifts of C k+d - 
curves and orthogonal twice differentiable lifts of C fe+2d -curves. In section we 
show that property (Bk) is stable under subrepresentations and orthogonal direct 
sums. We prove in section [8] by reducing to the polynomial case, that any real 
finite-dimensional representation p : G — ► 0(V) of a finite group G has property 
(B k ), where 

k = max{d, \G\/\G Vi \ :l<i<l}, 

Vi G Vi\{0} are chosen such that the cardinality of the isotropy groups G Vi is 
maximal, and V = V\ © ■ ■ ■ © Vj is the decomposition into irreducible subrepresen- 
tations. This establishes property (B) for polar representations, too. In section 03 
we give a complete survey of all finite reflection groups. Section ED is devoted to 
the discussion of finite rotation groups in dimensions two and three. 

Still open is the question whether non-polar representations of compact Lie 
groups G on real finite dimensional Euclidean vector spaces V have property (£>). 

The polynomial results have applications in the theory of partial differential 
equations and perturbation theory, see |18| . 

2. Preliminaries 

2.1. The setting. Let G be a compact Lie group and let p : G — ► 0(V) be an 
orthogonal representation in a real finite dimensional Euclidean vector space V with 
inner product ( ) . By a classical theorem of Hilbert and Nagata, the algebra 
R[V] G of invariant polynomials on V is finitely generated. So let a\,...,a n be 
a system of homogeneous generators of R[V] G of positive degrees d\, . . . , d n . We 
may assume that a\ : v i— > (v\v) is the inner product. Consider the orbit map 
a = (<n, . . . , a n ) : V — > R". Note that, if (y 1: . . . , y n ) — a(v) for v £ V, then 
(t dl yi, . . -,t d "y n ) = a(tv) for t G R, and that o-^O) = {0}. The image a(V) is a 
semialgebraic set in the categorical quotient V//G := {y G R n : P(y) — for all P G 
7} where / is the ideal of relations between o\, . . . ,o n . Since G is compact, a is 
proper and separates orbits of G, it thus induces a homcomorphism between V/G 
and a(V). 

2.2. The problem of lifting curves. Let c : R -> V/G = a(V) C R n be a smooth 
curve in the orbit space; smooth as curve in R". A curve c : R — > V is called lift 
of c to V, if c = a o c holds. The problem of lifting smooth curves over invariants 
is independent of the choice of a system of homogeneous generators of R[V] G in 
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the following sense: Suppose o~i, . . . , o~ n and ri, . . . , r m both generate R[V] G . Then 
for all i and j we have o~i = Pi(rx, . . . ,T m ) and Tj ~ qj(cri, ■ ■ ■ , o~ n ) for polynomials 
Pi and qj. If c CT = (ci, . . . , c„) is a curve in o{V), then c r = (qi(c a ), . . . , <7 m (c <T )) 
defines a curve in t(V) of the same regularity. Any lift c to V of the curve c' 7 , i.e., 
c 0- = cr o c, is a lift of c T as well (and conversely): 

c T = (gi(c°'), . . . ,q m {c a )) = (<?i(ct(c)), . . . ,q m (a(c))) = (ri(c), . . . ,r m (c)) = r o c. 

2.3. The slice theorem. For a point v £ we denote by G v its isotropy group 
and by N v — T 1 ,(G.w) ± the normal subspace of the orbit G.v at v. It is well 
known that there exists a G-invariant open neighborhood U of v which is real 
analytically G-isomorphic to the crossed product (or associated bundle) Gxq v S v — 
(G x S v )/G v , where S v is a ball in N v with center at the origin. The quotient U/G 
is homeomorphic to S v /G v . It follows that the problem of local lifting curves in 
V/ G passing through o~(v) reduces to the same problem for curves in N v /G v passing 
through 0. For more details see [2], [221 1 and [23 theorem 1.1. 

A point v 6 V (and its orbit G.v in V/G) is called regular if the slice represen- 
tation G v — > 0(N V ) is trivial. Hence a neighborhood of this point is analytically 
G-isomorphic to G/G v xS,~ G.v x S v . The set V reg of regular points is open and 
dense in V, and the projection V Yeg — > V Teg /G is a locally trivial fiber bundle. A 
non regular orbit or point is called singular. 

2.4. The integer d. Let p : G — > O(V^) be as in 12.11 Choose a minimal system 
of homogeneous generators a\,...,a n of positive degrees d\, . ■ . , d n ofR[V] G . We 
associate to p the following number: 

d = d(p) := max{c?i, . . . , d n }- 

The integer d is well-defined and independent of the choice of a minimal system 
of homogeneous generators of the algebra of invariant polynomials. This follows 
from the fact that a system of homogeneous invariants of positive degree generates 
R[y] G as an algebra over M if and only if the images of the invariants in this 
system generate M[V r ]^/(IR[V r ] G ) 2 as a vector space over E, where M[F] G is the 
space of all invariants with positive degree, e.g. 3.6. The grading used here 

is given by the degree of the polynomials. Hence a system of homogeneous algebra 
generators has minimal cardinality if no generator is superfluous, and the number 
and the degrees of the elements in a minimal system of homogeneous generators 
are uniquely determined. 

Note that independence of d from the choice of a minimal system of homogeneous 
generators of R^] also follows from the following lemma applied to the slice 
representation at 0. 

Lemma. Let p : G — > 0(V) be a finite- dimensional representation of a compact 
Lie group G, let p' be some slice representation of p. Then, d(p') < d(p). 

Proof. Let ax, . . . , a n be a minimal system of homogeneous generators of R[V^] G . 

For an arbitrary v £ V let p' : G v — > 0(N V ) be its slice representation, and sup- 
pose S v is a normal slice at v. Choose a minimal system of homogeneous generators 
ri, . . . , r m of MfiV^] '' and assume that degTi < • ■ ■ < degr m = d(p'). Then there 
exist polynomials pi € R[R m ] such that 

°~i\s v =Pi(Ti\s v ,- ■ -,r m \s v ) (1 < i < ri). 
On the other hand, by the slice theorem, near v £ N v we have 

t j\s v = fj(<Tl\s v , ■ ■ -j^nlsj (1 < 3 < m), 
where fj are real analytic functions; e.g. |28j . 
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For contradiction assume degr m > d(p). Then all polynomials pi do not depend 
on their last entry. Consequently, near v G N v , 

T~m\s v = F(ti\s v , ■ ■ ■ , T m -l\s v ), 

where 

F = /m(Pl> ■ ■ ■ ,Pn) 

is real analytic. Introduce a new grading in R[R m_1 ] with respect to degri < • • • < 
deg r m and write the function F as an infinite sum of homogeneous (with respect 
to this grading) terms. Let F be the sum of all terms of degree degr m in this 
presentation of F. We obtain, near v € N v , 

r m \s v = F(n\s v ,. ■ . ,r m _i| s J. 

This means r m is a polynomial in t\, . . . , r m _i in a neighborhood of v in N v , and, 
hence, everywhere. This contradicts minimality of t\, . . . , r m . □ 

Remark. The previous lemma allows to replace the intricate definition of the integer 
d given in |17| by the definition given above. 

2.5. Removing fixed points. Let V G be the space of G-invariant vectors in V, 
and let V be its orthogonal complement in V. Then we have V = V G © V , 
R[Vf = R[V G ] (8 R[V'} G , and V/G = V G x V'/G. 

Lemma. Any lift c of a curve c = (co,ci) of class C k (k = 0, 1, . . . , oo, u>) in 
V G x V'/G has the form c = (cq,ci), where c\ is a lift of c\ to V' of class C k . 
Then the lift c is orthogonal if and only if the lift c\ is orthogonal. □ 

2.6. Multiplicity. For a continuous function / defined near in K, let the multi- 
plicity or order of flatness m{f) at be the supremum of all integers p such that 
fit) — t p g(t) near for a continuous function g. If / is C n and m(f) < n, then 
f(t) = t m Wg{t), where now g is 

C«-m(/) an d g (p) 0. Similarly, one can define 
multiplicity of a function at any (el. 

Lemma. Let c = {c\, . . . , c„) be a curve in o~(V) C K™ of class C r , where r > d. 
and c(0) = 0. Then the following two conditions are equivalent: 

(1) c\{t) = £ 2 Ci ; i(£) near for a C r ~ 2 '-function Ci t \; 

(2) Ci(t) = t di Ci } i(t) near for a C r ~ di -function c^i, for all 1 < i < n. 

Proof. The proof is the same as that of lemma 2.4 in ^7]. □ 

2.7. We recall a few facts from [T7) : 

Lemma (a). A curve c : K — » V/G = cr(V) C M™ o/ c/ass C rf admits an orthogonal 
C d -lift c in a neighborhood of a regular point c(to) £ V ies /G. It is unique up to a 
transformation from G. 

Lemma (b). Consider a continuous curve c : (a,b) —> X in a compact metric space 
X . Then the set A of all accumulation points of c(t) as t\ a is connected. 

Theorem. Let c = (c u c„) : K -> V/G = a(V) C W 1 be a curve of class C d . 
Then there exists a global differ entiable lift c : K — > V of c. 

2.8. Bronshtein's and Wakabayashi's result. We formulate Bronshtein's the- 
orem 0; consult also Wakabayashi's version |31j. 

Theorem. 7 Let 

n 
3=1 
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be a curve of monic polynomials of degree n with all roots real for all t G R, 
where dj G C n (M) for all 1 < j < n. Choose a differ entiable parameterization 
X\(t), . . . , x n (t) of the roots of P(t) (which always exists). Then, for any compact 
subset K C M. there exists a constant Ck such that 

d_ 

dt" 



< C K for allt G K,l < j < n. 



In the language of representation theory: Any C n -curve P in the orbit space 
R™ / S n of the standard representation of the symmetric group S n on R™, by per- 
muting the coordinates, allows a differ entiable lift x = (xi,...,x n ) with locally 
bounded derivative. 

3. Property (B) 

3.1. Property (£>). We shall say that an orthogonal representation p : G — > 0(V) 
of a compact Lie group G on a real finite dimensional Euclidean vector space V has 
property (Bk), if: 

There exists a neighborhood U — U(p) of in V/G = cr(V) such 
that each C fc -curve in U admits a local differentiable lift c to V 
with locally bounded derivative. 
Note that property (Bk) is independent of the choice of generators of R[V"] G . 
It is clear that, if a representation p has property (Bk), then it has property (Bi) 
for all I G {k, k + 1, . . . , oo, uj} as well. 

We shall write simply property (B), if the degree of differentiability k is not 
specified. 

Example. The standard representation of the symmetric group S n on R™ has 
property (£>„). This follows from theorem 12. 81 

Proposition 3.2. Let c = (c x , . ..,c n ) : E -► V/G = a(V) C R n be a curve of 
class C k in the orbit space of a representation p : G — » 0(V) with property (Bk). 
Then for any to G K there exists a local differentiable lift c of c near to with locally 
bounded derivative. 

Proof. For each s G K\{0} let us define a C fe -curve c s : R — > cr(V) by 

c s (t) = (s^ Cl (t),...,s d -c n (t))- 

There exists some s = s(c; to) G R\{0} such that c s (t) G U for t near to, where U is 
the neighborhood of in V/G introduced in the definition of property (Bk)- Since p 
has property (Bk), there exists, near to, a local differentiable lift c s of c s to V with 
locally bounded derivative. Then, c(t) := s^ 1 ■ c s (t) defines a local differentiable 
lift of c for t near to whose derivative is locally bounded. □ 

Proposition 3.3. Assume that p : G —> 0(V) is a representation of a finite group 
G with property (Bk). Then any slice representation p' of p has property (Bk) as 
well. 

Proof. Let p' : G v — > 0(N V ) be an arbitrary slice representation of p. Consider some 
normal slice S v at v for the G-action on V. Then S v /G v is an open neighborhood 
of in N v /G v which bv 12. 31 is homeomorphic to (G Xg B S v )/G which in turn is an 
open neighborhood of G.v in V/G. 

Given a C fc -curve c in S v /G v , we may view it as a curve in (G Xq v S v )/G. Since 
p has property (Bk) and by proposition 13. 21 there exists a local differentiable lift c 
of c to V with locally bounded derivative. The finiteness of G implies that N v = V, 
and hence S v is an open neighborhood of v in V. Therefore c is a local lift of c to 
N v with respect to the G„-action. □ 
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Lemma 3.4. Let c : R — > V/G = u(V) C R™ be a curve in the orbit space V/G. 
We assume that G is finite. Let to € R. If 5\ and c 2 are lifts of c which are (one- 
sided) differentiable at to and Ci(to) = ^(to), then there exists some g £ Ggi(t ) 
such that c\(to) — g.c' 2 (to). 

Proof. Without loss we can assume that to = 0. 

Let ci and c 2 be lifts of c : R — > V/G which are (one-sided) differentiable at 
and satisfy Ci(0) = 62(0) =: v . We may suppose V G = {0}, by lemma 121)1 We 
consider the following cases separately: 

If c(0) = 0, then c"i(0) = 02(0) = and consequently, for i = 1,2, 

ff (c5(0)) = <r f lim ^) = Urn a 



v t^o t J t-^o \ t 
Now, for t^Owe have cr (ci(t)/t) = cm(t) £ where 

c ( i)(t) := (t- dl Cl (0,...,r d "c„(i)). 
Since a(V) is closed in 1™ (see [2E]), we find 

a(cUO)) = lima = Hmc (1) (i) £ «r(n 

i.e., a maps £^(0) and c 2 (0) to the same point in cr(V). (Note that, if only one-sided 
derivatives exist, then t — ► has to be replaced by t / or t \ 0, respectively.) 
This shows that c'^O) and c 2 (0) lie in the same orbit, therefore we find some g £ 
G = G with ci(0) = s.c 2 (0). 

If c(0) ^ 0: Since G is finite and therefore N Vo = V, the ball S Vo is a neighbor- 
hood of Do in V which contains the lifts c~i(t) and c 2 (t) for t near 0. Hence, bv 12.31 
we may change to the slice representation G Vo — ► O(N V0 ). Now we may assume 
that c is a curve in N Vo /G Vo with c(0) = and with lifts c"i(t) and c 2 (t) to iV„ for 
t near 0. So we refer to the former case. □ 

Note that lemma I3~4l does no longer hold, if finiteness of G is omitted: 

Example. Consider the standard action of 50(2) on R 2 . Then a(xi, x 2 ) = x\+x\ 
generates R[R 2 ] so ( 2 ) and R 2 /SO{2) = <r(R 2 ) = [0,oo). We consider the curve 
c(t) = t 2 and its differentiable lifts c\(t) = (t, 0) and c 2 (i) = (t cos t, t sin t) . We 
find ci(2tt) = c 2 (2tt) = (2tt,0), but c~i(27r) = (1,0) and c 2 (2tt) = (1,2tt) cannot be 
transformed to each other by an element of G( 27 r,o) = {id}. 

Remark. If G is not finite, then lemma l3~4l generalizes to the following statement: 
Let c : R -> V/G = a(V) C R n 6e a cwroe in the orbit space V/G. Let t £ R. //c x 
and c 2 are /i/ts o/c which are (one-sided) differentiable at to and c±(to) = c 2 (<o) =: 
vq, then there exists some g £ G Vo such that c' 1 (to) 1 ' = g.c^(to) , where _L indicates 
the projection onto N Vo . 

To see this: We consider the projection p : G.S Vo = Gx Gv S Vo — > G/G Vo = G.vq 
of a fiber bundle associated to the principal bundle ir : G — > G/G Vo , where 5„ 
is a normal slice at vo- Then, for t close to to, c\ and c 2 are curves in G.S Vo , 
whence pocj {i = 1,2) are curves in G/G Vo which admit lifts <?.; into G with 
ffi(io) = e, which are (one-sided) differentiable at to (via the horizontal lift of the 
principal connection, say). Consequently, t i— > gi{t)~ l .c~i(t) are lifts which lie in 
S Vo , whence a| t=to = ~fli(*o)-«D + cJ(*o) 6 Thus, ^(t ) x = 

sit— t (SiC*) -1 By this observation, we may assume without loss that the 

lifts c~i and c 2 lie in S Vo for i close to to. Then the proof of lemma l3~^l gives the 
statement. 
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Remark 3.5. Lemma 13.41 implies that for any two differentiable lifts c\ and C2 of 
a curve c in V/G, where G is finite, we have ||cx(£)|| = ||c 2 (i)|| for all t. So, if 
there exists some differentiable lift of c with locally bounded derivative, then any 
differentiable lift of c has this property as well. 

Proposition 3.6. Assume that p : G — > 0(V) is a representation of a finite group 
G with property {B k ). Let c : R — > V/G = a(V) C E™ be a curve of class C k . Then 
there exists a global differentiable lift c of c to V with locally bounded derivative. 

Proof. Proposition 13.21 provides local differentiable lifts of c with locally bounded 
derivative near any tel. 

Now let us construct from these data a global differentiable lift of c with locally 
bounded derivative: First we glue the local differentiable lifts with locally bounded 
derivative just differentiably. It is sufficient to show that each local differentiable 
lift of c defined on an open interval I can be extended to a larger interval whenever 
I ^ R. 

Suppose that c\ : I — > V is a local differentiable lift of c, and suppose the open 
interval I is bounded from above (say), and t\ is its upper boundary point. Then, 
there exists a local differentiable lift c 2 of c near t\, and a t% < t\ such that both 
ci and C2 are defined near i 2 . There is some g G G such that cifo) — g-c^fa). By 
lemma l3~4l we find an h G G ei (t 2 ) with c'ifo) = hg.c' 2 {t2). Then c(t) := c.\{t) for 
t < t-z and c(i) := hg.c^if) for t > t<i defines a differentiable lift of c on a larger 
interval. 

Now let us show that the resulting global differentiable lift c of c has locally 
bounded derivative. Note first that by remark 13.51 the gluing process described 
above does not affect the local boundedness of the derivatives of the local lifts, 
provided by proposition 13.21 Let if be a compact subset of R. The domains of 
definition of the local lifts constitute an open covering of K which contains a finite 
open subcovering {Ij}. By shrinking the open intervals Ij in the subcovering a 
bit we can assume that K is covered by finitely many compact intervals Ki each 
of which lies in some Ij . Since the local differentiable lifts have locally bounded 
derivatives, there exist constants Ck^ for all i such that 

\\c'(t)\\<C Ki for all teKi. 
If we put Ck '■= maxfC^;}, then 

\\c'(t)\\<C K for all « e K 
This completes the proof. □ 

4. C 1 -LIFTS 

The following proposition is a slight modification of theorem 4.2 in |17j . 

Proposition 4.1. Assume that p : G — > 0{V) is a representation of a finite group 
G with property (B k ). Let c : R -> V/G = o{V) C R" be a curve of class C k+d . 
Then for any to G R there exists a local differentiable lift c of c near to whose 
derivative is continuous at to. 

Proof. Without loss of generality we may assume that to = 0. We show the exis- 
tence of local differentiable lifts of c whose derivatives are continuous at through 
any v G cr _1 (c(0)). By lemma l2~5l we can assume V G — {0}. 

If c(0) ^ corresponds to a regular orbit, then unique orthogonal C + -lifts 
defined near exist through all v G cr _1 (c(0)), by lemma ETfT a'). 

If c(0) = 0, then c\ must vanish of at least second order at 0, since C\(t) > 
for all t G R. That means c\{t) — t 2 ci i i(i) near for a C' c+d ~ 2 -function c\.\. 
By the multiplicity lemma l2~o1 we find that Ci(t) — t di Ci : i(t) near for 1 < i < 
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n, where ci,i, 02,2, • • • , Cn,n are functions of class C k+d 2 t C k+d d2 ,...,C k+d dn , 
respectively. We consider the following G fc -curve in a(V) (since a(V) is closed in 
MP, see [HI): 

C (1)W : = (ci,l(t),C 2 ,2(t) > ...,C nt n(t)) 

= (t- 2 Cl (t) 7 t- d *C2(t), . . . ,t- d ~C n (t)). 

By property (£>&) and proposition 13. 21 there exists a local differentiable lift cm of 
C(i) with locally bounded derivative. Thus, c(t) := t ■ 5m(t) is a local differentiable 
lift of c near with derivative c'(t) = cm(i) + £c' m (t) which is continuous at t = 
with c'(0) = C(i)(0). Note that cr _1 (0) = {0}, therefore we are done in this case. 

If c(0) ^ corresponds to a singular orbit, let v be in cr _1 (c(0)) and consider 
the slice representation G v — > 0(N V ). By 12.31 the lifting problem reduces to the 
same problem for curves in N v /G v now passing through 0. By proposition 13 . 31 we 
may refer to the former case. □ 

Theorem 4.2. Assume that p : G — > 0(V) is a representation of a finite group G 
with property (B k ). Let c : M — > V/G = a(V) C K" 6e a curae o/ cZass G fc+d . T/ien 
any differentiable lift c of c is actually of class C 1 . 

Proof. Let c be a differentiable lift of c. Let fo € R be arbitrary. We show that c' is 
continuous at to. Let c denote the local differentiable lift of c near to with continuous 
derivative at to, provided by proposition ^. II Consider a sequence (t m ) m C R with 
t m — * to- For every m there is a g m £ G such that c(£ m ) = g m -c(t m ). Since 
G is finite, we may choose a subsequence of (t m ) rn again denoted by (t m ) m such 
that c(t m ) = g.c(t m ) for some fixed g £ G and all m. By lemma T3.4I there exist 
h m G Gg( tm ) with c'(t m ) = h m g.c'(t m ) for all m. Passing again to a subsequence we 
find a fixed /i G G g ( tm ) such that c(£ m ) = h.c(t m ) = hg.c(t m ) and c'(t m ) = hg.c'(t m ) 
for all to. Then 



and 



c(io) = lim c(t m ) — lim hg.c(t m ) = /ig. lim c(£ m ) = hg.c(to) 

t m - — *fo ^7Ti — '^0 tm — ^0 



_//. x c{t m ) - c(t ) hg.c(t m ) - hg.c(t ) 

c (to) = hm — = hm = hg.c (t ) 

S m — >to t m — lQ tm— >to t m — to 



and hence 



lim c'(t m ) = lim hg.c'(t m ) = hg.c'(t ) = c'(t ). 



This completes the proof. □ 

The forgoing theorem 14. 21 is false, if G is not finite: 

Example. Again consider the standard action of S'0(2) on M 2 with or- 
bit map a(xi,X2) = x\ + x\. Let us consider the curve c(t) = t 4 and 
its differentiable lift c(t) = (t 2 cos 4, t 2 sin j) . But the derivative c'(t) — 
(2t cos \ + sin j, 2t sin | — cos t) is not continuous at t = 0. 

Remark. The failure of theorem 14.21 in this special example really is due to the 
fact that 50(2) is infinite, since there is the following result due to Bony 4 : Any 
non-negative function / : K — > K of class C 2m can be represented as sum of squares 
/ = g 2 + h 2 of G m -functions g and h. This result implies that SO(2) : M 2 has 
property (B2), and hence any standard representation of SO(n) on R" (n > 2) has 
property (B2) as well. But see 16. 31 

Note that the lifting problem for the standard representation of SO(n) on MP is 
just the problem of representing non-negative functions as sums of squares. In this 
regard consult |5|. [T2|. and [H|. 
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5. Twice differentiable lifts 

The following proposition modifies Droposition l4.fi 

Proposition 5.1. Assume that p : G — > 0(V) is a representation of a finite group 
G with property (Bk). Let c = (ci, . . . , c„) : E — > V/G = cr(V) CR™ be a curve of 
class C k+2d . Then for any to G E there exists a local C 1 -lift c of c near to which is 
twice differentiable at to . 

Proof. Without loss of generality we may assume that to — 0. We show the 
existence of local C 1 -lifts of c which are twice differentiable at through any 
v G er _1 (c(0)). By lemma 1231 we can assume V G = {0}. 

If c(0) ^ corresponds to a regular orbit, then unique orthogonal C fe+2d -lifts 
defined near exist through all v G ct _1 (c(0)), by lemma I^TT a). 

If c(0) = 0, then as in the proof of proposition 14. II we find that the curve 

C (1)W : = (ci,l(t),C 2 ,2{t),...,C n>n (t)) 

= (r 2 Cl (t),r d2 c 2 (t), . . . ,r d " Cn {t)) 

lies in o-(V) and is of class C k+d . By property (Bk) and theorem 14.21 there exists 
a local C 1 -lift C(i) of C(i). Thus, c(t) :— t ■ C(i)(t) is a local C 1 -lift of c near with 
derivative c'(t) — C(i)(t) + tc'^(t) which is differentiable at t = 0: 

c'(t)-c'(0) c (1) (t)-c {1) (0) + tc\ f r) (t) 
hm = hm — = 2c n JO). 

Note that cr -1 (0) = {0}, therefore we are done in this case. 

If c(0) 7^ corresponds to a singular orbit, let v be in cr _1 (c(0)) and consider 
the isotropy representation G v — > 0(N V ). By 12.31 the lifting problem reduces to 
the same problem for curves in N v /G v now passing through 0. By proposition 13. 31 
we may refer to the former case. □ 

Theorem 5.2. Assume that p : G — > O(V) is a representation of a finite group 
G with property (B k ). Let c : M -> V/G = o-(V) C E™ &e a ctirwe o/ c/ass C fc+2d . 
T/ien </iere exists a global twice differentiable lift c of c. 

Proof. The proof will be carried out by induction on the cardinality of G. 

If G = {e} is trivial, then c := c is a global twice differentiable lift. 

So let us assume that for any finite G' with \G'\ < \G\ and any c : M — > V/G' of 
class C k+2d there exists a global twice differentiable lift c : K — > V of c, where p' : 
G" — * O(V) is an orthogonal representation on an arbitrary real finite dimensional 
Euclidean vector space V with property {Bk), and d! — d(p'). 

We shall prove that the same is true for G. Let c = (ci, . . . , c„) : ]R — > V/G = 
cr(V) C E" be of class C k+2d . We may assume that V G = {0}, by lemma EU We 
can write c _1 ((j(V)\{0}) = \_)A&i,bi), a disjoint, at most countable union, where 
a,, hi 6 lU {±00} with aj < 6i such that each {a,i,bi) is maximal with respect to 
not containing zeros of c. In particular, we have c(a,i) = c(6j) = for all a.;, 6; G E 
appearing in the above presentation. 

Claim: On each (etj, &,) i/iere exists a twice differentiable lift c : (aj, &,) — > V\{0} 
of the restriction c|( a . j,.) : (aj,f)j) — » <j(V)\{0}. The lack of nontrivial fixed points 
guarantees that for all v G V\{0} the isotropy groups G v satisfy \G V \ < \G\. 
Therefore, by induction hypothesis, which is fulfilled by proposition ^. 31 and lemma 
12.41 and by 12. 31 we find local twice differentiable lifts of c|( a . near any t G (a*, bi) 
and through all v G cr _1 (c(f)). Suppose that c\ : (aj, bf) 3 (a, &) — > V\{0} is a local 
twice differentiable lift of c|( a . b.) with maximal domain (a, 6), where, say, b < bi. 
Then there exists a local twice differentiable lift C2 of c|( a . t>.) near fe, and there exists 
&to <b such that both ci and C2 are defined near to- Let (t m ) m be a sequence with 
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t m — * to- For any to there exists a g m € G such that ci(i m ) = g m -C2{t m ). Since G 
is finite, we may choose a subsequence again denoted by (t m ) m such that Ci(t m ) = 
g-C2(t m ) for a fixed g G G and for all m. By lemma 13.41 there are h m G G £l (t m ) 
with c^(i m ) = h m g.c' 2 (t m ) for all to. Passing again to a subsequence we find a fixed 
ft € Gct(t m ) sucn tnat ci(t m ) = ff-c 2 (im) = hg.c 2 {t m ) and c' x (t m ) = hg.c' 2 (t m ) for 
all m. Consequently, 

Ci(t ) = hm Ci(t m ) = lim hg.c 2 (t m ) = hg.c 2 (t ) 

and 

ci(io) = hm &i(t m ) = lim hg.c' 2 (t m ) = hg.c' 2 (t ), 

and hence 

g^ o) = lim Wm)-%(to) = nm WZMW = ^.ggfo). 
— t m — t m — *io t 7n — to 

So c(t) := c\(t) for t < to and c(i) := hg.c 2 (t) for t >to defines a twice differentiable 
lift of c\( a . on a larger interval than (a, b). This proves the claim. 

Now let c : (cii,bi) — ► ^\{0} be the twice differentiable lift of c|( a .,f,.) constructed 
above. For a; 7^ -co, we put c{cii) :— and c'(et;) := lim t ^ ai which exists 
as shown in the proof of theorem 4.4 in [TJ|. Then c is one-sided continuous at 
a,i, since (c(t)\c(t)) = eri(c(f)) = ci(f). Let c be a local G 1 -lift of c defined near a, 
which is twice differentiable at et^, provided by Droposition l5.il Then we find 

lim c(t) = c(ai) = = c(ai). 

Let (t m ) m C (a^, 6^) be a sequence with t m \ a^. For any to there exists a g m G G 
such that c(i m ) = g m -c{t m ). We may choose a subsequence (again denoted by 
{t m )m) such that c(t m ) = g.c(t m ) for a fixed g G G and for all m. By lemma 
13.41 there are h m G G 5 (t m ) with c'(t m ) = h m g .c' \t m ) for all to. Passing again to a 
subsequence we find a fixed h G G 5 (t m ) such that c(t m ) = g.c(t rn ) = hg.c(t m ) and 
c'(t m ) = hg.c'{t m ) for all to. Therefore we have 

c'( a . t ) = Hm J^L = lim ftfl-cftm) = ftg g/ (a .) (51) 

Moreover, 

lim c'(t m ) = lim hg.c'(t m ) = hg.c'(cii) = c'(a,), 

t m \o, f m \a, 

since c is G 1 . It follows that the set of all accumulation points of (c'(t))t\ ai lies in 
the orbit G.c'(cii). Since G is finite, lemma I^TT b) implies that c'(t) converges for 
t \ cii, with limit c'(cii), because it does so along the sequence (t rn ) rn . Otherwise 
put, the lift c is continuously differentiable also at the boundary point ai of its 
domain. 

For the sequence (t m ) m from above we can argue further 

c'{t m ) - c'(a,i) hg.c'(t m ) - hg.c'(ai) _„. 

— = — ► hg.c (cii) as t m \ cii, 

since the lift c is twice differentiable at a^. Hence the set of all accumulation 
points of ( c t-a ) * s a sm:,set of Gc'( ai )hg.c" (cii): Any accumulation point 

f f c («)-c (a.) \ corresponds to a sequence (t m ) m G (cii,bi) with t m \ such 

that c L*a^£l£i) _» hg.c"(cii), where ft. and g are found by repeating the procedure 
above. From the equation hg.c'(cii) — c'(ai) = hg.c!(cii), which follows from l|5.1J) . 
we can read off (hg)~ 1 hg G G s /( a .) = (hg)~ 1 G s r( a .* ) hg, and hence hg G G e >( ai )hg- 
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By lemma 12.7( b) we have that c converges for t \ a,, with limit 

hg.c"(cii), since it does so along the sequence (t m ) m . That means that the one- 
sided second derivative of c exists at at- The same reasoning is true for bi ^ +00. 
So we have extended our lift c twice differentiably to the closure of (dj, bi). 

Let us now construct a global twice diffcrcntiable lift of c defined on the whole 
of K. For isolated points to E c _1 (0) the two twice differentiablc lifts on the 
neighboring intervals can be made to match twice differentiably, by applying a 
fixed transformation from G to one of them: Let c\ and C2 denote the lifts left and 
right of to. Then c±(to) = C2(to) =0 and, by lemma EP1 we find some g E G such 
that c[(to) — g.c' 2 (to). Let c be the local CMift near to which is twice differentiable 
at to, provided by Droposition l5.il By the same argumentation as in the previous 
paragraph we find h\,h,2 £ G such that 

hx.c'ito) = c[(t ) = g.c' 2 (t Q ) = h 2 .c'(t ), 

and for the one-sided second derivatives we have 

lim = hl .~c"(to) and lim ~ 9 ^ {h) = h 2 .c"(t ). 

tyt t — to t\to t — to 

It follows that there is a h :— h\h 2 x £ Gg (t ) with c"(to) = hg.c^to), which shows 
the assertion. 

Let F be the set of accumulation points of c _1 (0). For connected components 
of M\E we can proceed inductively to obtain twice differentiable lifts on them. 

Let c : K — > V be a global C 1 -lift of c which exists by theorem 12. 71 and theorem 
14.21 We define the following set 

F := {t e E : c(t) = c'(i) = 0}. 

Note that every lift c of c has to vanish on E and is continuous there since 
(c(t)\c(t)) = (Ti(c(f)) = ci(t). We also claim that any lift c of c is differentiable at 
any point t' G E with derivative 0. Namely, the difference quotient t 1— > is a 
lift of the curve 

C(i,f)(*) == ((« - t')" dl ciW, ..-,(*- *T d "c„(t)) 
in <r(y) which vanishes at t' by the following argument: Consider the local lift c of 
c near t', provided by proposition 15.11 Let (£ m ) m gN C c^" 1 (0) be a sequence with 
t' ^ i m — > f', consisting exclusively of zeros of c. Such a sequence always exists 
since t' € E. Then we have 

*(f ) = lim g W-y> = lim = 0. 

t— >t' t — t m^oo t m — F 

Thus c (lit ,)(f) = lim f ^ <r(|§) = <7(c'(t')) - 0. 

In particular this shows that E C F. If we denote by F' the accumulation points 
of F, then ECF= (F\F') U F' C c _1 (0). 

Consider first some t! E F\F', i.e., <' is an isolated point of F. Then again we 
have a local twice diffcrcntiable lift for t ^ t' (left and right of t'), since near t' 
there are only points of M\E. Moreover, proposition 15 . II yields again a local C 1 -lift 
near t' which is twice differentiable at t'. As above we are able to find a twice 
differentiable lift on the set (R\E) U (F\F'). 

Finally let t' E F', i.e., t' is an accumulation point of F. By proposition 15.11 
we have again a local C 1 -lift c near t' which is twice differentiable at t'. Lemma 
13.41 implies that locally near t' the set F is given by F = {c(t) = c'(t) = 0}. 
So we have c(t') = c'(t') = c"(t') = 0, as t' is an accumulation point of F. We 
extend our twice diffcrcntiable lift c on (M\E) U (F\F') by on F' to the whole 
of (R\E) U (F\F') UF'= (K\F) U F = M. It remains to check that then c is 
twice diffcrcntiable at t' E F'. Since F' C F, we obtain that c vanishes at t' and is 
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continuous and differentiable there with derivative 0. Consider a sequence (t m ) m 
with t' =/= t m — ► t' . Passing to subsequences, we find, for all m, c(t m ) — g.c(t m ) and 
c'(t m ) = hg.c'(t m ) for some g £ G and some h £ G g ( tm ), by lemma EP1 Then, 

c'{t m ) - c'(t') c'(t m ) hg.~c'(t m ) 

; = 7 = ; > tiq.C (t ) = as t m — * t . 

It follows that the second derivative of c at t' exists and equals 0. This completes 
the proof. □ 

6. Polar representations 

The main results of sections 0] and 03 obtained there for finite groups G, can be 
generalized to polar representations G — > 0{V). 

An orthogonal representation p : G — > 0(V) of a Lie group G on a finite di- 
mensional Euclidean vector space V is called polar, if there exists a linear subspace 
E C V, called a section or a Cartan subspace, which meets each orbit orthogonally. 
See 5H|> an d |23j . The trace of the G-action is the action of the generalized 
Weyl group W(E) = JV G (S)/Z G (S) on E, where 7V G (S) := {g e G : p(fl)(S) = £} 
and ^g(E) := {g £ G : p(g)(s) — s for all s £ £}. The generalized Weyl group is a 
finite group, and is a reflection group if G is connected. If £' is a different section, 
then there is an isomorphism VF(E) — > W(E') induced by an inner automorphism 
of G. 

We shall need the following generalization of Chevalley's restriction theorem, 
which is due to Dadok and Kac [TUJ and independently to Terng |30|. 

Theorem 6.1. Let p : G —> 0(V) be a polar representation of a compact Lie 
group, with section E and generalized Weyl group VF(S). Then the algebra Wi[V] G 
of G -invariant polynomials on V is isomorphic to the algebra R[S\ W ^ of W(E)- 
invariant polynomials on the section E, via restriction f i— » 

As a consequence of this theorem we obtain that the orbit spaces V/G — cr(V) 
and E/Fy(E) = cr|s(E) are isomorphic. 

Theorem 6.2. Let p : G — » 0(V) be a polar representation of a compact Lie group 
on a finite dimensional Euclidean vector space V with orbit map a : V — ► K n . 
Assume that W(E) — > 0(E) has property (Bk) for some section E. Let c : M — > 
o~(V) C 1" 6e a curve in the orbit space. Then we have: 

(1) If c is of class C k+d , then there exists a global orthogonal G 1 -lift c : R — ► V. 

(2) J/ c is of class C k+2d , then there exists a global orthogonal twice differen- 
tiable Uftc:R->V. 

Proof. By theorem 16.11 <t|e : S — > K n is the orbit map for the representation 
W(E) -» 0(E), and hence the orbit spaces V/G = cr(y) and E/W(E) = <r| s (E) 
are isomorphic. 

If c : K -> cr(F) = cr| s (E) is C k+d , then by theorem 12771 and theorem IO (since 
W(E) is finite) there exists a global G 1 -lift c : K — > E, which as a curve in V is 
orthogonal to each G-orbit it meets, by the properties of E. This shows (1). 

If c : K — > it(F) = cr|s(E) is C k+2d , then statement (2) follows analogously from 
theorem 15.11 □ 

Example 6.3. The standard representation of SO(n) on M." is polar. Any 1- 
dimensional linear subspace E of R n is a section. The associated generalized Weyl 
group is W(E) = {±id}. So the representation W(E) — > O(E) has property (B2), 
since it reduces to S2 : M 2 , the problem of finding regular roots of x 2 — f(t) = 
(/ > and G 2 ), which has property (B2), by theorem 12.81 Hence theorem 16.21 is 
applicable. 
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7. Stability of property (B) 

Proposition 7.1. Let p : G — > 0(V) be an orthogonal representation of a compact 
Lie group on a real finite dimensional Euclidean vector space V having property 
(Bk). For any G-invariant linear subspace W C V the subrepresentation p' : G — > 
0(W) has property (Bk) as well. 

Proof. Let us consider the following restriction map 

R[V} G — > R[W] G 
P 1 — > p\w- 

This map is a surjective algebra homomorphism. Hence, if o~x, . . . , o~ n are generators 
of R [ V] G , then their restrictions a% | w , ■ ■ ■ , o~n I w generate R [W] G : 

R[Wf =R[a 1 \ w ,...,a n \ w ]. 

Of course, <7i|w, . . . ,o~ n \w may not be a minimal system of generators of R[VF] G . 
Nevertheless, the map a\w — (o~\\w, ■ ■ ■ , °~n\w) '■ W —* cr\w(W) C R™ still induces 
a homeomorphism between the orbit space W/G and the image cr|iy(W), by I2.ll 
The following commuting diagram 

V ^<t(V) 



W ^a\ w (W) 

then shows that the orbit space W/G — cr\w(W) is a (in general lower dimensional) 
subset of the orbit space V/G = cr(V). 

Let c : R — > crlwlW^) Pi U be a C fc -curve in the orbit space cr|w(W^), where 
U = U(p) is the open neighborhood of in o~(V) from the definition of property 
(Bk) (see 13.10 . We may view c as a curve in the orbit space c(V), and since the 
representation p has property (Bk), we can lift c to a local differentiable curve c in V 
with locally bounded derivative. But then c has obviously to lie in the G-invariant 
subspace W. This completes the proof. □ 

Proposition 7.2. Suppose that pi : Gi — > O(Vi) (1 < i < I) are orthogonal 
representations of compact Lie groups Gi on real finite dimensional Euclidean vector 
spaces Vi having property (Bk t ) ■ Then the orthogonal direct sum 

pi © • • • 8 pi : Gi x • • • x Gi — > 0(Vx © • ■ • © V t ) 

of the representations p\, . . . , pi has property (Bk), where k = maxjfci, . . . , k{\. 

Proof. It is sufficient to consider the case 1 = 2, since the general case follows by 
induction. 

If ( )i and ( )a denote the inner products on V\ and V2, then 

(vi + v 2 \wi + w 2 ) := (vt\wi)i + {v 2 \w 2 )2 

defines an inner product on V = Vi © V2 which makes V± and V% into orthogonal 
subspaces of V . The action of G = G\ x G 2 on V\ ©V^ is obviously again orthogonal. 
Moreover, we find R[V] G = R[Vi © V 2 ] GlXG2 = R[yi] Gl © R[V 2 ] G2 and V/G = 
(Vi © V 2 )/(G 1 x G 3 ) = V1/G1 x V2/G2. 

Now any G fe -curve c in U\ x U 2 C V/G has the form c = (01,02) for G fe -curves Cj 
in J7j C Vi/Gi, where Ui = U(pi) from 13. ll which allow local differentiable lifts c\ 
with locally bounded derivative to Vi , by assumption. This shows that p = p\ © p 2 
has property (Bk). □ 
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8. Finite groups G have property (B) 

Theorem 8.1. Let p : G — > 0(V) be a real finite- dimensional orthogonal represen- 
tation of a finite group G, and let eri, . . . , o~ n be a minimal system of homogeneous 
generators ofR[V] G . Write V — V\@- ■ -®Vi as orthogonal direct sum of irreducible 
subspaces Vi. Choose Vi G Vi\{0} such that the cardinality of the corresponding 
isotropy group G Vi is maximal, and put k — max{d( / o), | G | / 1 | : 1 < i < I}. Then 
any curve c — (ci, . . . , c„) : R — * V/G = cr{V) C R" of class C k in the orbit space 
admits a global differ entiable lift c to V with locally bounded derivative. 

Proof. We shall reduce to the representation Sk : R fe , the polynomial case. 

Since d < k, we can apply theorem 12.71 which provides a differentiable lift c : 
R -> V of c. 

Let i be fixed. For g G G we define a linear function 

F hg : V — > M 

a; i — ► (uil^.pr^fx)) = (uils-ar), 

since V = V\ © • • • © V; is an orthogonal direct sum. Here pr y . : V — ► Vi is the 
natural projection. The cardinality of distinct functions i*i j9 equals fcj := |G|/|G„ i |. 

Let G Vi \G denote the space of right cosets of G Vi in G, and introduce a num- 
bering G Vi \G = {gi, <?2, ■ ■ ■ ,gk t }- We construct the following polynomials on V: 

a %] o) = X! ( x ) ■ ■ ■ ^'•fl^j ( x ) 1 < J < 

Kmi <---<mj<ki 

These polynomials Q>i^j axe G-invariant by construction, and therefore expressible 
in the homogeneous generators o~\, ... ,a n of R[V] G , i.e., there exist polynomials 
p hj G R[R n ] such that 

a i,j =Pi,j(< J lT-->< T n) l<j<h- (8-1) 

The polynomials dij, for 1 < j < ki, are elementary symmetric functions in 
the variables F^ g [x), where g runs through G Vi \G — {31,32, ■■■ i9ki\- Finally, we 
associate the following monic polynomial of degree ki in one variable y: 

ki ki 

P i (x)(y)=y k *+J2(-iya iJ (x)y k ^ = - F i>g . (x)). (8.2) 
3=1 3=1 
By construction, the functions x 1— > Fi^ g {x) (3 G G Vi \G) parameterize the roots of 
£ 1— > Pi{x){y) which, consequently, are always real. 

Now consider the functions t 1— » aij(c(t)) (1 < j < A;,-) which are of class C k 
by equation H8.ll) . As in 1)8. 2|) we may associate a G fc -curve t 1— > Pi(t)(y) of monic 
polynomials of degree fcj in one variable defined by 

= + £(-i)X,(c(t))^- J . 

3=1 

By theorem 12. 81 applied to the curve of polynomials t 1— > Pi(t)(y), the differentiable 
functions t 1— > Fj, 9 (c(t)) (3 G G Vi \G) which parameterize the roots of < ^ Pi(t)(y) 
have locally bounded derivative. 

Since Vi is irreducible, the linear span of the orbit G.vi spans Vi. If we repeat 
the above procedure for each 1 < i < I, it follows that c is a differentiable lift of c 
with locally bounded derivative. This completes the proof. □ 

Corollary 8.2. Any real finite- dimensional orthogonal representation p : G — > 
O(V) of a finite group G has property (£>&), where k — max{<i(p), |G|/|£r„J : 1 < 
i < Uj G Vi\{0} are chosen such that the cardinality of G Vi is maximal, and 
V = V\ ® ■ ■ ■ ® Vi is the decomposition into irreducible subrepresentations. □ 
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Corollary 8.3. Any polar representation p of a compact Lie group G has property 
(Bk), where k is determined analogously to corollarv \8. e A but for the representation 
W — > 0(H), where W is the generalized Weyl group of some section S. Moreover, 
the lifts can be chosen orthogonal. □ 

Remark. The case k = |G| can occur: For finite rotation groups in the plane we 
have d = |G|, and for any non-zero v the isotropy group G v is trivial. 

Remark. There are irreducible orthogonal representations of finite groups G where 
the inequality d < \G\/\G V \ is violated for non-zero vectors v: 

Consider the rotational symmetry group T of the regular tetrahedron in R 3 . We 
find d — 6 (e.g. 0). The isotropy group of each vertex v of the tetrahedron has 3 
elements. So \G\/\G V \ = 12/3 = 4. 

Furthermore, the same phenomenon appears for the rotational symmetry groups 
W and H of the cube and the regular icosahedron in R 3 , respectively. Consult 
section ITUl 

9. Property (S fe ) for finite reflection groups 

Abusing notation we will denote finite reflection groups as well as their root 
systems (respectively their Coxeter graphs) with the same symbols. 
Recall the characterization of finite reflection groups (^3], |15p: 
If G is a finite subgroup of 0(V) that is generated by reflections, then V may be 
written as the orthogonal direct sum of G-invariant subspaces Vq = V G , Vi, . . . , T4 
with the following properties: 

(a) If Gi = {g\vi '■ 9 G G}, then Gi is a subgroup of 0(Vi), and G is isomorphic 
with Go x G\ x • ■ ■ x Gfc. 

(b) Go consists only of the identity transformation on Vq. 

(c) Each Gi (i > 1) is one of the groups 

A n ,n > l;B n ,n> 2;D n ,n > 4;I^,n> 5,n ^ 6; 
G2',H 3 ; H4; F4; Eq; E7; E s . 

We will apply theorem lS.ll to each of the irreducible finite reflection groups listed 
in (c). Here the inequality d < \G\/\G V \ will be satisfied for all non-zero v which can 
be checked directly in the table given at the end of this section. For irreducible finite 
reflection groups we may choose v to be some non-zero vector in a one dimensional 
face of a Weyl chamber, in order to achieve that |G|/|G„| is minimal. 

Let p : G 0(V) be the standard representation of some irreducible finite 
reflection group G listed in (c). We consider an arbitrary slice representation G v — > 
0(N V ) (v £ V) of p; note N v = V. By [TS], theorem 1.12, there exists a g G G 
such that g.v — w for a w in the fundamental domain F = {x G V : (x\r) > 
for all r G II}, where II is a system of simple roots, and G w is generated by the 
simple reflections it contains. It follows that we can read off easily the information 
we need to determine a minimal |G|/|G„| from the Coxeter graph of G. Therefore, 
we give a complete list of all Coxeter graphs: 
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jn . 
1 2 ■ 



n 

o o 



G 2 : o- 



Ho : o- 



H . o — si— o o- 



Fa : o- 



S fi : o- 



-Q o- 



£7 



Easy computations yield the results collected in the following table which gives 
a complete survey of the standard representations of all irreducible finite reflection 
groups. The integers d and |G| for the listed representations can be found e.g. in 
1 1 3 j : in [20] also generators of the corresponding algebra of invariant polynomials 
are available. The integer k is the minimum of the numbers |G|/|G„| where v runs 
through all non-zero vectors in V. By theorem 18. II the representations listed in the 
table have property (£>&). This together with lemma l2~5l and proposition 17. 21 treats 
finite reflection groups completely. 



p:G^O(V) 


d 


k 


|G| 


A n ,n>l 


n + 1 


n+1 


(n+1)! 


B n , n > 2 


2n 


2n 


2 n n\ 


D n , n > 4 


2n-2 


2n 


2 n - 1 nl 


7 2 n , n > 5 


n 


n 


2n 


G 2 


6 


6 


12 


H 3 


10 


12 


120 


Hi 


30 


120 


14400 


F 4 


12 


24 


1152 


E 6 


12 


27 


51840 


E 7 


18 


56 


2903040 


E s 


30 


240 


696729600 



10. Property for finite rotation groups 

Let us denote by G 2 the cyclic subgroup of 0(2) generated by the counterclock- 
wise rotation of M 2 through the angle 2ir/n. Here we have d = |G| = n, and for any 
non-zero vector v G R 2 its isotropy group G v is trivial. By corollary 18. 21 all finite 
rotation groups G 2 in the plane have property (£>„). 

Remark. This together with the result for dihedral groups 7 2 m section gives a 
complete discussion of all finite subgroups of 0(2). 
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Next we consider finite rotation groups in 3-dimensional space. 

Let P be a 2-dimensional linear subspace in R 3 . Any rotation R in 0(P) can 
be extended to a rotation in 0(3), by setting Rx = x for all x G P and using 
linearity. By extending each transformation in a cyclic subgroup OJ of 0(P) in this 
fashion, we obtain a cyclic subgroup of rotations in 0(3), which will be denoted by 
C$. 

On the other hand, if S is a reflection in O(P), then S may also be extended to 
a rotation in 0(3), in fact to the rotation through the angle n having the reflection 
line of S in P as its axis of rotation: define Sx = —x for all x G P and extend by 
linearity. By extending each transformation in a dihedral subgroup of O(P) to 
a rotation in 0(3), the resulting set of rotations is a subgroup of 0(3) isomorphic 
with 1%] it shall be denoted 1%. 

If T, W, and H denote the subgroups of rotations in 0(3) which leave invariant 
the regular tetrahedron, cube, and icosahedron each with center in the origin, then 
the following list provides a complete characterization of finite rotation groups in 
R 3 (e.g. [T3]): 

C$,n>l;I$,n>2;T;W;H. 

Rotation groups of type Gg have property (B n ) by construction, since the linear 
subspace P 1 - is left pointwise invariant under the Gg -action, and on P it restricts 
to the C*2 -action; so lemma l2~5l and the result for give the statement. 

Rotation groups of type I£ have property (£>„): Note first that here d — n. More- 
over, we have the decomposition M 3 = P (B P 1 - into irreducible subrepresentations. 
In order to make IGl/jGuJ minimal for ^ V\ G P we may choose V\ to lie on 
some reflection line on 1^ in P; then GI/IG^J = 2n/2 = n. For ^ «2 6 P 
we find that \G V2 \ is the number of rotations (including the identity) in Ig. So 
|G|/|G„ 2 | = 2n/n — 2. Application of corollary 18.21 gives the assertion. 

The rotational symmetry group T of the regular tetrahedron has property (Be): 
We have d = 6 (e.g. [E], |2H])- Further the action of T on M 3 is irreducible. The 
elements of T consist of rotations through angles of 27r/3 and 47r/3 about each of 
four axes joining vertices of the tetrahedron with centers of opposite faces, rotations 
through the angle 7r about each of the three axes joining the midpoints of opposite 
edges, and the identity. So |T| = 12. The isotropy groups of non-zero vectors 
on axes joining vertices with centers of opposite faces have cardinality 3, those of 
non-zero vectors on axes joining the midpoints of opposite edges have cardinality 
2, and all other isotropy groups of non-zero vectors are trivial. Hence application 
of corollary 18.21 gives the statement. 

The rotational symmetry group W of the cube has property (Bg): We have d — 9 
(e.g. 25 ]). The action of W on R 3 is irreducible. The elements of W consist 
of rotations through angles of tt/2, 7t, and 37r/2 about each of three axes joining 
the centers of opposite faces, rotations through angles of 27r/3 and 47r/3 about 
each of four axes joining extreme opposite vertices, rotations through the angle 
7T about each of six axes joining midpoints of diagonally opposite edges, and the 
identity. Thus \W\ = 24. The isotropy groups of non-zero vectors on axes joining 
the centers of opposite faces have cardinality 4, those of non-zero vectors on axes 
joining extreme opposite vertices have cardinality 3, those of non-zero vectors on 
axes joining midpoints of diagonally opposite edges have cardinality 2, and all other 
isotropy groups of non-zero vectors are trivial. Apply corollary 18. 21 

The rotational symmetry group H of the regular icosahedron has property (Bis): 
We have d = 15 (e.g. [Hj). The action of H on R 3 is irreducible. The elements of 
H consist of rotations through angles of 27r/5, 47t/5, 6tt/5, and 87r/5 about each 
of the six axes joining extreme opposite vertices, rotations through angles of 27r/3 
and 47r/3 about each of ten axes joining centers of opposite faces, rotations through 
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the angle 7r about each of fifteen axes joining midpoints of opposite edges, and the 
identity. Therefore \H\ — 60. The isotropy groups of non-zero vectors on axes 
joining extreme opposite vertices have cardinality 5, those of non-zero vectors on 
axes joining centers of opposite faces have cardinality 3, those of non-zero vectors on 
axes joining midpoints of opposite edges have cardinality 2, and all other isotropy 
groups of non-zero vectors are trivial. Apply corollary 18. 21 

The following table collects the results for finite rotation groups in two and three 
dimensions obtained in this section. The groups in the first column of the table 
are meant to stay for their standard representation, d is the integer associated to 
representations in 12.41 and k is as in corollary 18. 21 



p:G^O{V) 


d 


k 


\G\ 


C%,n>l 


n 


n 


n 


C3 , n > 1 


n 


n 


n 


IS, n > 2 


n 


n 


2n 


T 


6 


6 


12 


W 


9 


9 


24 


H 


15 


15 


60 



Remark. Observe that in this table we always have d — k, i.e., the respective 
representation has property (6<z). Since we need at least regularity C d for a curve in 
the orbit space to be liftable once differentiably (theorem l2.7J) . we cannot expect to 
improve these results. Evidently this remark applies also for those representations 
in the table in section [5] with d = k. 



References 

D. Alekseevsky, A. Kriegl, M. Losik, P.W. Michor, Choosing roots of polynomials smoothly, 
Israel J. Math., 105 (1998), 203-233. |arXiv:math.CA/9801026| 

D. Alekseevsky, A. Kriegl, M. Losik, P.W. Michor, Lifting smooth curves over invari- 
ants for representations of compact Lie groups, Transformation Groups 5 (2000), 103-110. 
arXiv:math.AG/0312030 

J.-M. Bony, Sur I'inegalite de Fefferman- Phong, Seminaire: Equations aux Derivees Par- 
tielles, 1998-1999, Exp. No. Ill, 16pp., Ecole Polytech., Palaiseau, 1999. 

J.-M. Bony, Sommes de carres de fonctions derivables, to appear in Bull. Soc. Math. France. 
J.-M. Bony, F. Broglia, F. Colombini, L. Pernazza, Nonnegative functions as squares or sums 
of squares, to appear. 

G. E. Bredon, Introduction to compact transformation groups, Academic Press, New York, 
1972. 

M.D. Bronshtein, Smoothness of polynomials depending on parameters, Sib. Mat. Zh. 20 

(1979), 493-501 (Russian); English transl. in Siberian Math. J 20 (1980), 347-352. 

C.J. Cummins, J. Patera, Polynomial icosahedral invariants, J. Math. Phys. 29, no. 8 (1988), 

1736-1745. 

J. Dadok, Polar coordinates induced by actions of compact Lie groups, Trans. AMS 288 
(1985), 125-137. 

J. Dadok, V. Kac, Polar representations, J. Algebra 92 (1985), 504-524. 

H. Derksen, G. Kemper, Computational invariant theory, Encyclopaedia of Mathematical 
Sciences, Springer- Verlag Berlin Heidelberg, 2002. 

C. Fefferman, D. Phong, On positivity of pseudo-differential operators, Proc. Nat. Acad. Sci. 
U.S.A 75, (1978) 4673-4674. 

L.C. Grove, C.T. Benson, Finite reflection groups, Graduate Texts in Mathematics 99, Sec- 
ond Edition, Springer- Verlag New York Inc., 1985. 

D. Hilbert, Uber die Darstellung definiter Formen als Summe von Formquadraten, Math. 
Ann. 32, (1888) 342-350; see also Gesammelte Abhandlungen, Bd. 2 (Chelsea Publishing 
Company, Bronx, New York 1965) 154-161. 

J.E. Humphreys, Reflection groups and Coxeter groups, Cambridge studies in advanced math- 
ematics 29, Cambridge University Press, 1990. 



LIFTING SMOOTH CURVES OVER INVARIANTS, III 



19 



[16] A. Kriegl, M. Losik, P.W. Michor, Choosing roots of polynomials smoothly, II, Israel J. Math. 

139 (2004), 183-188. |a7xiv:math.CA/020 8228 
[17] A. Kriegl, M. Losik, P.W. Michor, A. Rainer: Lifting smooth curves over invariants 

for representations of compact Lie groups, II, J. Lie Theory 15 (2005), No. 1, 227—234. 
|arXiv:~t h.RT /04 02222| 
[18] A. Kriegl, P.W. Michor, Differentiable perturbation of unbounded operators, Math. Ann. 327 

(2003), 191-201. arXiv:math.FA/0204060 
[19] J.N. Mather, Differentiable invariants, Topology 16 (1977), no. 2, 145-155. 
[20] M.L. Mehta, Basic sets of invariant polynomials for finite reflection groups, Comm. Algebra, 

16(5) (1988), 1083-1098. 
[21] D. Montgomery, C.T. Yang, The existence of a slice, Ann. of Math., 65 (1957), 108-116. 
[22] D. Luna, Sur certaines operations differentiables des groupes de Lie, Amer. J. Math. 97 

(1975), 172-181. 

[23] R.S. Palais, C. Terng, A general theory of canonical forms, Trans. AMS 300 (1987), 771-789. 
[24] R.S. Palais, C. Terng, Critical point theory and submanifold geometry, Lecture Notes in 

Mathematics 1353, Berlin, Springer- Verlag 1988. 
[25] J. Patera, R.T. Sharp, P. Winternitz, Polynomial irreducible tensors for point groups, J. 

Math. Phys. 19 (1978), 2362-2376. 
[26] C. Procesi, G. Schwarz, Inequalities defining orbit spaces, Invent. Math. 81 (1985), 539-554. 
[27] G.W. Schwarz, Lifting smooth homotopies of orbit spaces, Publ. Math. IHES 51 (1980), 

37-136. 

[28] G.W. Schwarz, Smooth functions invariant under the action of a compact Lie group, Topology 
14 (1975), 63-68. 

[29] B. Sturmfels, Algorithms in invariant theory, Texts and Monographs in Symbolic Computa- 
tion, Springer- Verlag, Wien New York, 1993. 

[30] C. Terng, Isoparametric submanifolds and their Coxeter groups, J. Diff. Geom. 21 (1985), 
79-107. 

[31] S. Wakabayashi, Remarks on hyperbolic polynomials, Tsukuba J. Math. 10 (1986), 17-28. 



A. Kriegl: Institut fur Mathematik, Universitat Wien, Nordbergstrasse 15, A-1090 
Wien, Austria 

E-mail address: Andreas . Kriegl9univie . ac . at 

M. Losik: Saratov State University, ul. Astrakhanskaya, 83, 410026 Saratov, Russia 
E-mail address: losikMVOinfo.sgu.ru 

P.W. Michor: Institut fur Mathematik, Universitat Wien, Nordbergstrasse 15, 
A-1090 Wien, Austria; and: Erwin Schrodinger Institut fur Mathematische Physik, 

BOLTZMANNGASSE 9, A-1090 WlEN, AUSTRIA 
E-mail address: Peter .MichorSesi . ac . at 

A. Rainer: Institut fur Mathematik, Universitat Wien, Nordbergstrasse 15, A-1090 
Wien, Austria 

E-mail address: armin .rainerSunivie . ac . at 



